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§1. Introduction. The weight vectors of a resolution tower of toric modifications for an irreducible 

germ of a plane curve C carry enough information to read off invariants such as the Puiseux pairs, mul- 
tiplicities, etc [26]. However, each step of the inductive construction of a tower of toric modifications 
depends on a choice of the modification local coordinates. This ambiguity makes it difficult to study the 
equi-singularity problem of a family of germs of plane curves or to study a global curve. It is the purpose 
(3jT)! of this paper to make a canonical choice of the modification local coordinates (ui,Vi) ( Theorem (4.5)), 

^jpjI and to obtain a canonical sequence of germs of curves {Cj; i = 1, . . . , k} (C& = C) such that the local 

knot of the curve Cj is a compound torus knot around the local knot of the curve Cj_x- We will show 
that the local equations hi(x,y) of the the germs {Ci]i = l,...,k} (Ck = C) are the Tschirnhausen 
approximate polynomials of the local equation f(x,y) for C, provided that f(x,y) is a monic polynomial 
in y. 

The importance of the Tschirnhausen approximate polynomials was first observed by Abhyan- 
kar-Moh [2,3], and our work is very much influenced by them. However our result gives not only a geo- 
metric interpretation of [2,3] but also a new method to study the equi-singularity problem for a given 
family of germs of irreducible plane curves f(x,y,t) = whose Tschirnhausen approximate polynomials 
hi(x,y), i = 1, . . . , k — 1 do not depend on t. 

In §6, we show that a family of germs of plane curves {ft(x,y) = 0} with Tschirnhausen approx- 
imate polynomials hi(x,y), i = 1, . . . , k — 1 not depending upon t and satisfying an additional inter- 
section condition is equi-singular (Theorem (6.2)). In §8, we will give a new proof and a generalization 
of the Abhyankar-Moh-Suzuki theorem from the viewpoint of the equi-singularity at infinity (Theorems 
(8.2),(8.3),(8.7)). 

§2. Tschirnhausen approximate polynomials of a monic polynomial. Let f(y) = y n + s ^n =1 Ciy n ~ l 
be a monic polynomial in y of degree n with coefficients in an integral domain R which contains the field 
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of rational numbers Q, and let a be a positive integer such that a divides n. The n/a-th Tschirnhausen 
approximate polynomial (or the n/a-th Tschirnhausen approximate root) of f(y) is the monic polynomial 
h(y) € R[y] of degree a such that degree(/(y) — h(y) n ^ a ) < n — a. The coefficients of h(y) = y a + 

Yli=i a iy a ~ 1 ' are inductively determined by: ao = 1 and = hj^=« ( x ) ' ' ' a ^ ( x ) ^ or * = 

1, . . . , a. The coefficient ay is a weighted homogeneous polynomial of degree j in the variables ci, ■ ■ ■ , c a 
with weight(cj) = j, 1 < j < a. In our application i? will be the ring C{x} or C[x]. For further detail, 
we refer to [2,3]. From the Euclidean division algorithm it follows 

Proposition (2.1). Let h{y) € R[y] be monic of degree a in y, and let P(y) € R[y] such that sa < 
deg y P(y) < (s + l)a. Then there exits a unique expansion, called the Euclidian expansion, P{y) = 
J2i=o where cti(y) € R[y],i = 0, . . . , s satisfy deg y cti(y) < a. In particular, we can 

expand f(y) with respect to its n/a-th Tschirnhausen approximate polynomial, as f(y) = h(y) n / a + 
YJiL2 c i(y) h (y) n,a ~ t > deg y Q(y) < a. If f{y) = f(x,y) € C[x][y], the coefficients a(y) = Ci(x,y) are also 
polynomials in x and y. 

The second assertion is immediate from the Euclidian expansion of f—h n ^ a . We call the above expan- 
sion the n/a-th Tschirnhausen expansion of f(x,y). The expansion of P(x,y) with respect to h(x,y) will 
also be called Tschirnhausen expansion if h(x, y) is a Tschirnhausen approximate polynomial. Tschirn- 
hausen approximate polynomials behave hereditary in the following sense. 

Proposition (2.2). Assume that a, b > 2 are integers such that ab\n. Let h and h' be the n/a-th and 
n/ab-th Tschirnhausen approximate polynomials of f respectively and let h! = /i b + Ei=i Cih b ~ l , deg y Ci < 
a be the Tschirnhausen expansion of h' with respect to h. The first coefficient c\ is zero and h is the 
ab/a-th Tschirnhausen approximate polynomial of h! . 

Proof. With m := n/ab, we have deg y (f — h mb ) < n — a and deg y (/ — h' m ) < n — ab. Using the expansion 
of h' with respect to h: h! = h b + Ei=i c ih b ~ l , deg y Ci < a, we get 

h' m = (^(h b + c 1 h b ~ 1 ) + c i hb ~^j = hmb + mc 1 h mb - 1 +Ri + R 2 , 

where R 1 := £™ 2 (7)4^"* and R 2 := YZi (?) + ci^" 1 )™"* (eL*^"*)'- 

If ci 0, we would first conclude deg y R\ < n — a + deg y c\, deg^ R 2 < n — a, and then 

n - a > deg y (f - h mb ) = deg y (f - h' m + mc 1 h mb - 1 + R x + R 2 ) 

= deg y (ci/i m6 - 1 ) > (mb - l)a = n - a. 

So Ci = and it follows deg y (h' — h b ) = deg y (Ei=2 c ^ b_l ) < ab — a. By the uniqueness of the 
Tschirnhausen approximate polynomial, the above inequality implies that h is the ab/a-th. Tschirnhausen 
approximate polynomial of h' . Q.E.D. 

The generalized binomial formula: (1 + z) r = YlJLo i^)^ f° r r > 0, with coefficients (p = 
r(r — 1) • • • (r — j + converges for \z\ < 1. When r is a rational number p/g, the identity: ((1 + z) p / q Y 



(1 + z) p gives a recurrent computation of the coefficients of (1 + z) p / q . In particular, with Truncal + 
z )p/i ■- J2 e j=0 { p, j q )z j , it follows that 

(2.2.1) val 2 ((1 + zf - (Truncal + z) p ' q ) q ^ > £ 

For a real number x E R, denote by [x] the largest integer n such that n < x. 

Lemma (2.3). Assume that a,b,c,d are positive integer such that gcd(a,6) = 1 and that d divides ac. 
Let F(y,z) = (y a + z b ) c and H(y,z) = y ac / d Truncal) (1 + z b /y a ) c / d . Then H is the d-th Tschirnhausen 
approximate polynomial of F(y,z) as a polynomial of y. 

Proof. The polynomials F(y,z) and H(y,z) are weighted homogeneous of degree abc and abc/d re- 
spectively with respect to the weight vector P = t (b,a). In particular, the monomials in F(y,z) and 
H(y,z) d have the form y a% z ^ with i + j = c. Note also that deg y F(y,z) = ac, deg y H = ac/d and 
deg y (F — H a ) < ac — a[c/d] by (2.2.1). As ac — ac/d > ac — a[c/d] — a, this implies the inequality: 
deg y {F{y, z) - H{y, z) d ) < ac - ac/d. Q.E.D. 

§3. Toric modifications and strict transforms. 

(3.1) Basic properties of toric modifications (see [24,27,28,31]). Let (x,y) be a fixed system of local 
(or global) coordinates of C 2 at the origin. Let N be the lattice of integral weights for the monomials in 
(x,y). The weights E\(x a y b ) = a and E2(x a y b ) = b span the lattice N, and a weight a.iE\ + PiE 2 will 
be denoted by the integral column vector t (ai,(3i). Let N + be the space of positive weight vectors of N, 
and similarly let AjJ be the positive cone in Ar := A ®z R. A simplicial cone subdivision X* of AjJ is a 
sequence (Ti, . . . , T m ) of primitive weights in A+, called the vertices, such that T = E 1: T m+1 = E 2 and 
det(Ti,T i+1 ) = det {El:E2} (Ti,T i+1 ) > 1 holds. The m + 1 cones Cone(T i , r T i+1 ) := {tT % + sT t+1 ;t, s > 0}, 
i = 0, . . . , m, cover without overlap the cone JVp. The subdivision S* is called regular if det(Tj, Tj+i) = 1 
for each i = 0, . . . ,m. Let <jj be the integral matrix mapping E\ to Tj and E<i to Ti + \. 

Using a birational mapping (j>M '■ C 2 — > C 2 , (j>M(x,y) = (x a y b ,x c y d ) for an integral unimodular 

matrix M = the toric modification p : X — > C 2 associated with a regular simplicial cone 

subdivision S* is defined as follows. The non-singular complex manifold X is covered with m + 1 so called 
toric coordinate charts {C 2 . , (x CT . , y a J}, i = 0, . . . , m, where points (x CTi , y CT .) G C 2 . and (x CTj . , y a . ) G C 2 ^ 
are identified if and only if the birational map 4 l (J -i a . is defined at the point (x ai ,y ai ) £ C 2 . and 
^-Vi^i'^i) = {xaj^aj)- The morphism 7r CTj : C 2 t -» C 2 defined by 7r CTi (x CTi , j/ CTj ) = ^ (x CTi , y a . ) are 
compatible with the identifications and define a proper birational analytic map p : X — > C 2 (see [31,28]). 
A toric modification is a composition of finite blowing-ups (see [17]). The exceptional divisor p~ l {0) is 
the union of m rational curves {E(Ti);i = 1, . . . , m} and each one is covered by its left chart C 2 r ._ 1 and 
its right chart C 2 . and defined by the equations {x ai = 0}, {ym^i = 0}. Thus only E(Tj) and E(Ti + i) 
intersect transversely at the origin of the chart C 2 ^ . The non-compact divisor E(E\) := {x ao = 0} and 
E{E 2 ) := {y CTm = 0} map isomorphically onto the axis x = and y = 0. 

(3.2) Admissible toric modifications. Let f(x, y) = Y2 a a,px a y lS be the Taylor expansion of a germ of 
a holomorphic function f with f(0) = 0. The Newton polygon r + (/; (x, y)) of f(x, y) is the convex hull in 

of {(a+s, (3+t) € R 2 ; a a ^ / 0, s > 0, t > 0} and the Newton boundary T(f; (x, y)) is the union of the 
compact faces of r + (/; (x, y)) (see [24,25,27] for instance). The Newton boundary T(f;(x,y)) contains 
only a finite number of faces of dimension one. Each positive weight vector P = t (p,q) £ N + defines a non 
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negative function on r + (/; (x, y)), for which we denote by d(P; f) its minimal value and by A(P; /) the 
face or the vertex where this minimal value is taken. We consider on N + the equivalence relation: P ~ Q 
iff A(P; /) = A(Q; /). T/ie dtta/ Newton diagram F*(f; (x, y)) of f(x, y) is the conical subdivision of N + 
given by the equivalence classes. Let Pj = t (a i ,b i ) G A + ,i = 1, . . . , m be the ordered list of primitive 
weight vectors such that A(Pjj/) is the list of the one-dimensional faces of r*(/) and det(Pj,Pj + i) = 
aib i+1 - a i+1 bi > 0, i = 1, . . . , m - 1. The /ace function f P .(x,y) := S(a,/3)eA(p i; /) a a,/3X a y 13 admits a 
product decomposition /p. (x, y) = CiX ri y Si Y\'jLi{y ai —li,jX bi Y i ' J with distinct non-zero complex numbers 
7^1, . . . ,7i t ki- Recall that f(x,y) is non- degenerate if and only if i/jj = 1 for any The partial sum 
Af(f)(x, y) = ]P" o, a ,/3X a y l3 over all (a, /?) G r(/; (x, y)) is the Newton principal part Af(f)(x, y). 

A regular simplicial cone subdivision S* with vertices {T = Pi, Ti, . . . , Tg, T^+i = P 2 } is called 
admissible for f(x,y) if S* is a refinement of the dual Newton diagram T* (f ; (x , y)) , meaning Pj = 
t (ai,bi) G {Tq, Ti, . . . , T^, T£ + i}, i = l,...,m. Note that S* is admissible for f(x,y) if and only if 
A(Tj]f) n A(Tj + i;/) / 0,j = 0, The corresponding toric modification p : X — > C 2 is called 

admissible for f(x,y). 

Basic properties of admissible toric modifications are: 
(3. 2. A) The divisor E(Tj) meets the proper transform C if and only if Tj is a primitive weight Pj. 
(3.2.B) The divisor P(Pj) intersects C at fcj points. In the right toric chart {C aj , [x a . ,y aj )},o~j = 
Cone(Tj,T j+1 ),Pi =Tj of P(Pj), the intersection CnP(Pj) is {(0, 7^1), . . . , (0, 7*,^)}. 
(3.2.C) The divisor of the pull back p* f of the function / is given by 

i=l 1=1 j=0 

where Cj^ is the union of components of C which pass through (0,7j^). 

(3.2.D) If f(x,y) is irreducible as a germ of a function at the origin, then m = 1 and k\ = 1. 

(3.2.E) If / is non-degenerate, the curve Cij is smooth and Cjj intersects transversely with P(Pj). Thus, 

if f(x,y) is non-degenerate, the modification p is a good resolution of f(x,y) (sec [17]). 

(3.3) Intersection multiplicity with a reduced irreducible germ. Let C = {f(x,y) = 0} be 
a reduced irreducible germ of a curve. The defining function admits for a weight Pi = *(ai,&i) an 
initial expansion f(x,y) = (y ai + ^ix 61 )^ 2 + (higher terms) with £1 / and gcd(cti,&i) = 1, where 
"higher terms" collects the monomials of Pi -degree strictly greater than aifei^- Let C be another (not 
necessarily irreducible) germ of a curve defined by C = {(x,y) G U;g(x,y) = 0}. Let p : X — > C 2 be 
a toric modification admissible both for C and C", and let Hi be the intersection point of C and P(Pl). 
Then 

Proposition (3.3.1)(Lemma (7. 12), [27]). T/ie intersection multiplicity of C and C at the origin is 
I(C,C';0) = d(Pi;g)A 2 + I(C, C'; Si). The term I(C,C';Ei) vanishes if and only if gp 1 (x,y) is not 
divisible by (y ai +£,\x bl ). If g(x,y) has for a primitive weight vector P{ = t (a' 1 ,b' 1 ) the initial expansion 
g(x,y) = (y" 1 + ^x b i) A 2 -|- (higher terms), then d{P\;g)A 2 = min(ai6' 1 , a^bi) x A 2 A 2 and moreover 
I(C, C'\ Hi) =0 if and only if either P 1 / P[ or P 1 = P[ and £17^. 

(3.4) A resolution tower of toric modification for an irreducible germ. Let C be an irreducible 
germ of a plane curve and let T = {Xk-^Xk-i • • • — > Xi~^=X } be a sequence of non-trivial toric 
modifications where each Pi+\ : X^\ — > Xj is the toric modification associated with a regular simplicial 
cone subdivision S* of the cone in the space of weights for a local system of coordinates (ui,Vi) 
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of Xi, centered at the center Sj G Aj of the modification Pi+\. Let E^i, . . . ,Ei tS . be the exceptional 
divisors of pi : X, — > Aj_i. Abusely, we denote by the same -Ejj, the strict transforms of Eij to A^ 
for any i > i. Thus the exceptional divisors of the modification := p\ o ■ ■ ■ o p k : X^ — > Aq are 
1 < « < fc, 1 < 3 < «i- Denote by S, G n C (i) the preimage of the singularity in the strict 
transform of C to Aj. We call T a resolution tower of admissible toric modifications if the following 
conditions are satisfied ([27]). 

(i) X is an open neighborhood of the origin O of C 2 , (u , v ) = (x, y) and E = O. 

(ii) The modification pj+i : Aj + i — > A, is non-trivial and admissible for $|/(uj, Uj), i > 0. 

(hi) The coordinate Ui is simply the restriction Uj = x a \Wi of the coordinate x CTi of the right toric chart 
of .Ej^ to a neighborhood of Sj. 

(iv) Pi(Ei) = Ej_i. 

(v) The composition : A^ — > A is a good resolution of C. 

The weight vectors P, = *(cij, 6j) corresponding to the exceptional divisors Ei p t for i = 1, . . . ,k are 
t/ie weight vectors of the tower ( [27] ) . If the tower T is admissible for C, there exists for i = 0, . . . , k— 1 non- 
zero complex numbers ^ 6 C so that = {(nj,Vj) G Wi\ (v^ t+1 + £,i + iU b i t+1 ) Ai + 2 + (higher terms) = 0} 
where = C and Aj = a 3 ■ ■ ■ ■ ak,j < k and ^4^+1 = 1- 

Let D = {{x,y) G C 2 ;g(x,y) = 0} be an irreducible, not necessarily reduced, germ of a plane curve 
at the origin of C 2 = A and let Z)M be the strict transform of D to Aj. If D has the same toric 
tangential direction of depth with C with respect to T, i.e. if Sj G Z)W for i < 9 and ^ _D( 6I+1 ), 
there exist a non-zero complex number a positive integer Ag^' and a primitive weight vector 

P^+i : = \a' 9+1 ,b' e+1 ) such that 



(3.4.1) D {i) 



G Wi; K ai+1 + 6+i^ l+1 )^+ 2 + (higher terms) = 0}, i < 5 
{(u e ,w e ) G W e ; {v a d 6+1 + Ce +1 u b d e+1 ) A ' e + 2 + (higher terms) = 0}, 



i = 



where A'j = aj ■ ■ ■ a e a' e+1 A' d+2 , j < 9 + 1. If P^ +1 = *(1, 0), the transform is defined by {v^ 2 = 0} 



since D is irreducible. The case P' e+l = *(0, 1) does not occur as {ti^+i = 0} is nothing but E(Pg). Put 

7(P e+1 ,P^ +1 ):=| 
By induction, using Proposition (3.3.1), we get 



min(a e+ i6^ +1 , a' e+1 b e+1 ), if ae+i&k+i, a'e+i Vi-i > 

if ='U,0) 



Lemma (3.4.2) ([27]). Assume that D has the same toric tangential direction of depth 9 with C with 
respect to T. Under the assumption (3.4-1), the local intersection multiplicity is 

e 

I(C,D;0) =Y,mb i A i+1 A! i+1 +I(Pe +1 ,Pl +1 ) x A e+2 A' e+2 
i=i 



Let Di, . . . , D r be the irreducible components of a reducible plane curve germ D. We say that the 
reducible germ D has the same toric tangential direction of depth 9 with C with respect to T if S, G 

for any j = 1, . . . , r and i < 9 and z>e+i £ for some jo 

§4. A Tschirnhausen resolution tower for an irreducible germ. 
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Lemma (4.1). Let p : X — > C 2 6e a tone modification with respect to a regular simplicial cone subdivision 
X* of N + . Let a = Cone(P, P') be a cone in S* and g(x, y) G C{x, y}, such that A(P; g>) is a vertex. At 
each point E G P(P) — Uq/p P(Q) ^ e function p* g/x^ P,g ^ is a unit. 

Proof. Let {(^1,^2)} = A(P;g) and c 7^ be the coefficient of x^ 1 y^ 2 ing(x,y). Thenp*g = xt^ P ' 9 ^y^ P ' 9 ^{q/"+| 
x G g'(x a , y a )} for some analytic function g'(x a ,y a ) and a > 0. Moreover, a = iff A(P';g) D A(P;g). 
In conclusion, p*g/x^ P ' 9 ^ is a unit at E since y CT is. Q.E.D. 

In particular, if r(g;(x,y)) C {(^1, ^2); ^2 < 0} or if g(x,y) € C{x}[y] and deg^g < a, the face 
A(P; 5) is a vertex, and the lemma applies. 

A. Tschirnhausen resolution Tower. 

(4.2) Let f(x,y) € C{x}[y] be monic of degree n and irreducible with the initial expansion f(x,y) = 
(y ai + £,ix bl ) A2 + (higher terms), a\ > 1, for the primitive weight vector Pi = t (a\,bi) with n = a\A 2 . 
The n/a-th Tschirnhausen approximate polynomial H a (x,y) is a monic polynomial of degree a in y and 
defines at the origin the germ of the curve D a := {H a (x,y) = 0}. 

(4.3) First Observation. Let p\ : X\ — > C 2 be an admissible toric modification with respect to a 
regular simplicial cone subdivision Sq for f(x,y). The strict transform of C to X\ intersects only 
with E(P\), say at the point Si. In the chart C 2 ^, where o\ = (P\,P{), P[ = t (a' 1 ,b' 1 ) is the right cone 
of P(Pi), we have Hi = (0, — £1). Put h\(x,y) := H ai , C\ := D ai . For a multiple a of a\ with a\n, the 
^2-th (resp. n/a-th ) Tschirnhausen approximate polynomial of (y ai + ^\x bl ) A2 is the face function h\p x 
(respectively HaP^, hence hi and H a can be written as: 

h\{x,y) = y ai + £ix bl + (higher terms) 
H a (x,y) = (y ai +^ix bl ) a / ai + (higher terms), if a\\a 



(4.3.1) 



In particular, hi(x,y) is non-degenerate. As p\{y ai + i\x hl ) = x" lbl ya{ bl (y CTl + £1), we can write 
Pi hi(x ai , y ai ) = x^yl 1 ^ 1 ({y ai + £1) + x ai R(x ai , y ai )) , R(x ai , y ai ) G C{a; (Tl , }. The functions u x = 
x ai , vi = P\hi/x a a lbl = ya{ bl ((y CTl +6) + x ai R(x ai ,y ai )) give a system of coordinates (ui,vi) in 
a neighbourhood VFi of Hi. The strict transform of C\ to Xi intersects only with P(Pi) and 
Pi/ii = u" lbl ui, = {«i = 0}, so (7i is irreducible and pi is a good resolution of C\. 
If A 2 = 1, we have / = hi and we have nothing to do further. If A 2 > 2, the pull back p*f(ui,vi) has 
an initial expansion 

(4.3.2) pI/(ui,«i) = u™ lU \vl 2 + &u\ 2 ) M + (higher terms) 

with primitive weight vector P 2 = t (a 2 ,b 2 ) where the multiplicity of <£*/ on Pi is mi(/) = a\b\A 2 by 
(4.2.1). Note also A 2 = a 2 A 3 and I((7i,C;0) = ai&i^ + b 2 A 3 by Lemma (3.4.2). The advantage 
of the "Tschirnhausen coordinates" is the inequality a 2 > 2. In fact, in the Tschirnhausen expansion 
f(x,y) = hi(x,y) A2 + ^2^ 2 Cj(x,y)hi(x,y) A2 ~ : > of f(x,y) with respect to hi we have cj(x,y) G C{x}[y] 
and deg Cj(x,y) < ai,j = 2,...,A 2 , so the face A(Pi,Cj) is necessarily a vertex. Therefore by the 
definition of the coordinate (ui, vi) and Lemma (4.1) in a smaller neighbourhood W\ of Hi the pull-backs 
are: p{hi(ui,vi) = u^^^vi with mi{h\) = a\b\ and p\cj(ui, v\) = u™ 3 Uj where rrij = d{P\,Cj) and 
Uj is a unit for j > 2 with cj / 0. If cj = 0, we put Uj = for simplicity. Thus we have 

(4.3.3) = « l(/ll) t;i) A2 +X; u r^(nr (?ll) ? ;i) A2 ^, 

.7=2 



hence, with Q = (mi(h\)A 2 , A 2 ) and Qj = (nij + (A 2 — j)mi(hi), A 2 — j), the Newton polygon 
r_|_(p*/; (ui, v 1)) is the convex hull of the sets {Qo + R+} and {Qj + R+},2 < j < A 2 ,Cj ^ 0. 
The Newton principal part N{p\f){u\, vi) contains (rrii(f) + b 2 ,A 2 — a 2 ) by (4.3.2). It follows, that 
( m i(f) + b 2 ,A 2 — a 2 ) = Qj for j = or for some j > 2, hence 02 > 2. Moreover, if Cj 7^ 0, we have 
d(P 2 ;plcjhf 2 ~ j ) > d{P 2 ;p\f), with equality if and only if a 2 \j. 

Let a\\a and a\n. The following Tschirnhausen expansions start at j = 2 by Proposition (2.2): 

4 ' 3 ' 4 I / = H n J a + C ,^ /Q - ? € C{z}[ y ][iU deg y c,- < a 

By (4.3.3), the principal part of plf(ui, vi) with respect to the weight vector P 2 is 

(4.3.5) P*Jp 2 (ui,vi) = uT U \vT +6^ 2 ) As 

With R a := ^^£2 CjHa^ a ~-' , we have that deg y R a < n — a and therefore the Tschirnhausen expansion of 
R a with respect to hi can be written as R a = X^o~°^ 0l_1 Pe^i f° r some ft £ C{x}[y] and deg y ft < a\. 
If ft / 0, we can by Lemma (4.1) for a unit Ug and non-negative integer 7<eN write Pi(Peh{) = UiuJ e v{. 
Thus we have for the Newton principal part 



(4.3.6) deg^ ^(p;/2a)(«i,«i) < ^2 - a/ai - 1. 

So, comparing the pull-back Pi/C^i, vi) = p\R^ a + X^J=2 Utu[ l v[ of (4.3.4) and (4.3.5), we see that the 
monomials x ( A /) « 2 )* (6«i 2 ) A3_i of ^ l(/) « 2 + C 2 u? 9 ) As for i > A 3 - a/ ai a 2 - l/a 2 come from 

p\Ha^ a - The expansions (4.3.4) and (4.3.1) give with some analytic functions g a ,G a 

(43?) f P^a(ui^l) =ur (ffo) K /ai +U l9a ( Ul ,V 1 )) 

\ p$H2 /a (u 1 ,v 1 ) = U ? l{f) (v?>+u 1 G a (u 1 ,v 1 )) 

Note that mi{H a )n/a = mi(/). Applying the above argument to plH a (ui,vi), we can conclude that 
the Newton boundary T(p\H a ; (ui, «i)) is situated in the region {(^1,^2) £ R 2 ;0 < 1^2 < a/a\\ and 
that i? a := (mi(H a ),a/ai) is the vertex of the left end of T(p\H a \ (ui,vi)) by (4.3.7). Note also that 
(n/a)B a = (mi(/), A 2 ) is the left end of T{p\f; {u 1 ,v 1 )) by (4.3.7). Let A a be the first face of T{p\H a ) 
which contains B a and let Q = t (p 2 , q 2 ) be the weight vector of A„. 



Assertion (4.3.8). The inequality q 2 /p 2 > b 2 /a 2 holds. 

Proof. Assuming by contradiction that q 2 /p 2 < b 2 /a 2 , we have p*fq(ui,vi) = u mi ^V^ 2 , and we will 
prove the assertion by excluding the following three cases: (a) d{Q-p\H2 ,a ) > d{Q-p\R a ), 
(b) d(Q;plHa /a ) < d{Q;p\R a ), (c) d(Q;plHa /a ) = d{Q;p* 1 R a ). Figure (4.3.A) indicates the respective 
situations. In case (a), u mi ^v^ 2 = (jp\R a )Q{u\,vi) holds, which is impossible by (4.3.6). The case (b) 
is impossible as (p*H a )Q(ui, vi) n / a / u mi( -^v^ 2 by the assumption. If case (c) holds, from (4.3.6) it 
follows {plH a ) Q { Ul , Vl ) n / a + (p* 1 R a ) Q (u 1 ,v 1 ) + 0, and then d{Q-p\H2 ,a ) = d{Q-p\R a ) = d(Q;p*J) and 
finally the equality u m ^vf 2 = {p* 1 H a ) Q {u 1 ,v l ) n l a + (p{Ra) Q (u 1 ,v 1 ). 

But this equality is impossible. In fact, let us write (plH a )Q(ui, vi) = u™ l( ~ Ha ^v^ ai +7ti" 1 vf 1 +S(ui,vi) 

where 7 + 0, < ft < a/ai and deg t)1 < ft if S + 0. Then {p\H a ) Q {u 1 ,v 1 ) n / a = u™ l(/) vf 2 + 
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Case (a) 



Case (b) 
Figure (4.3.A) 



Case (c) 



n/a-ju^v^ 1 +S'(ui,vi) with deg v± S' < /3[ where a[ = ot\ + (n/a — l)mi(H a ) and 0[ = A 2 — a/a\ +j3\ > 
A 2 — a/a\. On the other hand, the second term of the right side of the equality has no monomial u^v ± 2 
with v 2 > A 2 - a/ai. Q.E.D. 

See Figure (4. 3. A). Consider the face function (p\H a )p 2 (u\,vi) for the weight vector P 2 and de- 
fine H' a (ui,vi) = {p\H a )p 2 (ui, vi)/u™ l( - Ha \ which is a polynomial by Assertion (4.3.8). By a similar 
discussion as above, we conclude: d(P 2 ;plf(ui, t>i)) = d(P 2 ;p'{H a (ui, v 1 ) n / a ) = d(P 2 ;plR a (ui,v\)), 
(P*/)ft = (PlHafJ; + (jp\R a ) P2 and deg^K 2 + 6^f 3 - H' a n/a ( Ul , Vl )) < A 2 - a/a, - 1. In other 
words, H' a (u\,vi) is the n/o-th Tschirnhausen approximate polynomial of (v " 2 +i 2 u h2 ) A:i . In particular, if 
a\a 2 divides a, A%/ {n/a) = aja\a 2 is an integer and we can see easily that H' a (u\, v\) = (v® 2 +£ 2 v b2 ) a / aia2 
ifoio 2 |aaiidplfr o («i,i;i) = < l(H ° ) K 2 +e 2 n 1 2 ) a / aia2 + (higher terms). Putting h 2 = H a±a2 , C 2 = D aia2 
and a = a±a 2 , we observe that p\h 2 {u\, v\) = u™ l( ~ h2 \vi 2 + £, 2 u b i )+ (higher terms) and therefore 
Pi h 2 (ui,vi) is clearly non-degenerate. 

(4.4) Inductive construction of a tower. Let Tj = {Xj—^Xj_i —►■••—> X\ — >X = C 2 } be a 
tower of toric modifications with the corresponding weight vectors = t (ai,bi) such that ai ■ • • a An and 
a* > 2, i = 1, . . . , j. Put A i+1 :=n/a 1 ---a i ,i<j and for simplicity hi(x,y) = H ai ... a .(x,y), C, = D ai ... a . 
and $>j = pi o ■ • • op i : Xi — > AV Let and C^, (i > £) be the strict transforms of D a and C\ to 
X^ respectively. The map pi : Xi — ► Aj_i is an admissible toric modification for 3>*_i/ associated with 
a regular simplicial cone subdivision £*_!■ Let S, = n A, be the center of the modification p i+ i 
and let (ui,Vi) be the chosen modification local coordinate system with the center Hj so that {ui = 0} 
is the defining equation of the exceptional divisor Ei := E(Pi) for i = 1, . . . , j. We assume the following 
properties (1-j), (2-j) and (3-j) for the tower. 

(1-j) (Cj, O) is a germ of an irreducible curve at the origin for i = 1, . . . ,j and the strict transform cf^ 
to ^ is smooth and is defined by {vi = 0}. The pull backs of / and hi, i < j equal : 

u™ 3 ^\j, i = j and A/+i = 1 

u™*^ (v" i+1 + ^ i+ iU^ +1 ) Ai + 2 + (higher terms), otherwise 



(4.4.1) 



$*f(Ui,Vi) 



(4.4.2) 



$*h e (ui,Vi) = 



rrii (hi ) 



m,i(ht) / Oi 



+ Ci+i"i i+1 ) Ai+2/A£+1 + (higher terms), i < £ 



The modification coordinates (ui,Vi) are characterized by (4.4.2). We assume Oj+i > 2 in (4.4.1), if 
Aj + i > 2. More generally, for any positive integer a with a\n and a\ ■ ■ ■ a,i + i\a, we have 

(4.4.3) $*H a ( Ui ,Vi) = uT %{Ha) (vT +1 +6+i«- l+1 ) a/ai "' ai+1 + (higher terms) 

Here rrii(hi), rrii(H a ) and rrii(f) are the respective multiplicities of the pull backs &*hi, Q*H a and $>*/ 
on the exceptional divisor Ei and they satisfy the equalities: 

mi(hi) x A i+ i = mi(H a ) x n/a = rrii(f), m 1 (f) = a 1 b 1 A 2l m;(/) = aiini-i(f) + aA-4i+i 

(2-j) The local intersection multiplicities at the origin are given by 

f /(Q,C;0) = J2lt\ a s b s A 2 s+1 /A l+1 , 

{ I(Ci,C e ; O) = Elti a s b s A 2 s+1 /(A i+1 A e+1 ), l<i<£<j 

More generally, I(D a , C; O) = Yf s =i a-sb s A 2 s+1 / (n/a) + I(D^\c^;Ej), if a\n and ai ■ ■ ■ aj\a. 

(3-j) For any non-zero polynomial a(x, y) € C{x}[y] with deg y a(x, y) < ai ■ ■ ■ cij, the pull back $*a can 

be written as <3?*a = U x Uj in a small neighbourhood of Ej for some integer s > 0. 

If Aj + i = 1, then /ij = / and (4.4.1) says that $>j : Xj — > Xo is a good resolution of C. If Aj+i > 2, 
we will add to the tower a toric modification Pj+i : Xj + \ — > Xj keeping the above properties. Let Pj+i = 
*(aj_|_i, 6j+i) be the weight vector of the unique face of T($*/; (uj,Vj)) characterized by (4.4.1) and (4.4.2): 
<&jf(v,j,Vj) = uJ lj ^\vj J+1 +£j+iv!j' +1 ) Aj+2 + (higher terms). Choose a regular simplicial cone subdivision 
X* of the T*($*/; (y,j, Vj)) and make the corresponding modification Pj+i : Xj + i — > X^ with center Ej £ 
Ej. Then <b*jhj+i(uj,Vj) is non-degenerate by (4.4.2), so in the right toric chart a = (Pj+i, Pj+i) we can 
write <£>*j +1 h j+1 (x a ,y a ) = x ^+ l(h ^+^ y ^^+ l(h]+l) (( y<7 . + + x a G) where m J+ i(/i i+ i) and m^ +1 (/i J+ i) 

are the multiplicities on = E(Pj +1 ) and £7(P' +1 ) respectively. The functions Uj+\ := x CT and 

m' (h ) 

:= j/o- 3+1 3+1 ((y CT + Ci+i) + XaG) give a system of coordinates in a neighborhood Wj+i of the 
intersection point Ej +i of Cj^i^ and Pj+i. By the definition the strict transform Cj^ 1 ^ is smooth and is 
defined by {fj+i = 0} in Wj+\. We show (3-(j+l)) first. For a(x, y) G C{x}[y] with deg^ a < a\ ■ ■ ■ a J+ i, 
its Tschirnhausen expansion with respect to hf a(x,y) = YTi=i a i( x > 2/)^" 3+1 l ( x iU) nas coefficients 
with deg^ cc, < a\ - ■ - aj. Applying (3-j) inductively if cc, 7= yields <J>^ (a^" 3-1 " 1 l ) = UiU^v" 3 * 1 1 with 
z/j > and a unit C/j. So by Lemma (4.1), ^j +i a = p* +1 (Q*a) = U x for a unit J7 on Wj + i and 
s > 0. 

If a J+ i = i.e., Aj +2 = 1, the modification <F,+i : Xj + i — > X is a good resolution of C, so 

clearly we have (l-(j+l)) and ( 2- ( j + 1 ) ) . If Aj +2 > 2, we write 

(4.4.4) <f>* +1 f(u j+1 ,v j+1 ) = ^'r^^+^i')^ 3 + ( hi § her terms ) 

Note that rrij + i(f) = a,j + imj(f) + Oj+ifej+i A,'+2- Using the Aj +2 -th. Tschirnhausen expansions of /: 
f(x, y) = h^p^ +Y^tl 2 2 c j+i,ihf+i 2 ~ l ' anc ^ repeating the argument in (4.3), will prove aj +2 > 2. As above, 
if Cj + i t i 7^ 0, write <I>* +1 (cj_)_i i i/i^.| 1 l )(uj + i, Vj + i) = Uj + i t iU™£ 1 v^~l 1 % for some integer m, and a unit 
Uj + i ; i. The Newton principal part A/'( < I ) *_|_ 1 /)(ni, vi) contains the exponent (rrij + i(f)+bj +2 , Aj +2 — aj +2 ) 
by (4.4.4) and we conclude that aj +2 > 2 as in (4.3). 
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Now we show (l-(j+l)). For a with a\n and a\ ■ ■ ■ a J+ i|a, consider the Tschirnhausen expansions: 



n/a 0j+i 

f(x, y) = R n J a + CiH2' a -\ H a = + £ dihf+r' 



i=2 i=2 



with deg y Ci < a and deg y d\ < a± ■ ■ ■ a J+ i where := a/a\ ■ ■ ■ a^. Applying the same argument to the 
-expansion of R := / - i?a /a = CiHa /a ~ l , we see: deg t , i+i < A,- +2 - But from 

(4.4.3) with g a , G a € C{u j+1 ,v j+1 } follows: 

&j +1 H a (u j+1 ,v j+ i) = p* +1 (®*H a )(u j+1 ,v j+1 ) = u™_l+ l{Ha \vf£ + u j+1 g a (u j+1 ,v j+1 )) 



So B a := (m,j+i(H a ), (3j +1 ) is the left end vertex of T((fr* +1 H a ), n/a x B a is the left end vertex of 
r($* +1 tf" /a ) and also of T($* +1 /; (u j +1 ,v j+1 )). By the arguments of (4.3) and (4.4.3), the first face A a 
of T(&* +1 H a ; (uj+i,Vj+i)), which contains B a , has the weight vector Pj+2 = t (aj+2, bj+2), hence 



(4.4.5) 



d(P j+2 ; d>* + i/) = d(P j+ 2; <5>* +1 H: /a ) = d(P j+2 ; $* j+1 H a ) x n/a 
deg„. +1 ((^ +1 /)p J+a - (^ +1 fl-„)^ a )(« 3 -+i,« 3 -+i) < ^-+2 - &+i 



Note: deg„. +i $* +1 / = d(P j+1 ;$*f). The polynomial H' a (u j+1 ,v j+1 ) := (^ +1 i?a)p, +2 /^ 1 +l( ^ ) is 
monic in Vj + i of degree = a/a\ ■ ■ ■ Oj+i, implying with the inequality of (4.4.5) the 

Assertion (4.4.6). // i/jen H' a (uj + i,Vj + i) is the n/a-th Tschirnhausen approximate poly- 

nomial of ($* +1 f) Pj+2 (u j+1 , v j+1 )/u m i+^ = {vV£ + Zi+xu^+l)*'** € C{u i+ i}[u i+ i]. In particular, 
if ai ---a j+2 \a, then H> a (u j+U v j+1 ) = (v a j+ \ 2 + $* j+1 H a (u j+1 , v j+1 ) = u?" 1 ™ (v? + + * + 

£i+2Uj :i +i) l3j+2 + (higher terms), with Pj+2 '■= a/a\ ■ ■ ■ aj +2 - 

This proves (l-(j+l)). The assertion about the intersection multiplicities (2-(j+l)) follows immedi- 
ately from Lemma (3.4.2). 

As a\ ■ ■ ■ ai divides n and a, > 2 for each i = 1, . . . , k, the above inductive construction stops after 
a finite number of toric modifications. In fact, k (respectively k — 1) is the number of Puiseux pairs if 
bi > 1 (resp. if hi = 1.) See [27] and [17]. Thus we have proved the following. 

Theorem (4.5). Let f(x,y) E C{x}[y] be monic of degree n with the initial expansion 

f{x,y) = (y ai + ^ 1 x bl ) A2 + (higher terms), n = a^A 2 , a x > 1 



and defining in a neighbourhood Wq an irreducible curve C := {(x,y) £ Wq; f(x,y) = 0} at the origin. 
There exits a resolution tower T, satisfying the following conditions (1) and (2), of toric modifications: 
T = { Xk — >Afc_i X\ — >X = C 2 } having the weight vectors {Pi = *(aj, bi);i = 1, . . . , k} where 

n = a\ ■ ■ • a k , > 2, i = 1, . . . , k. With Ai = aia i+1 ■ ■ ■ a k , let hi(x, y) be the A i+i -th Tschirnhausen 
approximate polynomial of f(x,y) and let Ci = {(x,y) € C 2 ;hi(x,y) = 0}, i = 1, . . . , k. Note = f 
and Ck = C. Denote by S, € := E{Pi) the center of Pi+i, by (ui,Vi) the modification local coordinate 
centered at so that {ui = 0} is the defining equation of the divisor Ei. Put $j = pi o- ■ ■ opi : X t — > X . 
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(1) For each i = 1, . . . ,k, C\ is an irreducible curve at the origin having the good resolution such that 
the strict transform in Xi is defined by {vt = 0}. The pull backs are 



<f>*he(ui,Vi) = j 
In particular, putting £ = k, 
(4.5.1) $*f(u i ,v i ) = 



mi(hi) 

u™ i{hl) (v" i+1 + Ci+i^ +1 ) Ai+2/A£+1 + (higher terms), i < i 



uT i(ni> v u i = £ 



m k(f) • 7 

u k kyj 'v k , i = k 



u 



rrii(f) , a 



{vT +1 + £,i+iUi Z+1 ) A ' +2 + (higher terms), i < k 



where the multiplicities rm(he) and rrii(f) multiplicities of the pull backs &*he and <&*/ on E{ satisfy the 
equalities: ru^he) = mi(f)/A i+1 , m 1 (f) = a 1 b 1 A 2 and m^f) = a i m i - 1 (f) + aibiA i+1 for i = 1, . . . ,£. 
More explicitly 



(4.5.2) 



mi(f) = aibiA i+1 + aiai-tb^Ai H h aj • ■ ■ a 1 b 1 A 2 = (^2\ =1 a e b e Aj +1 ) / A i+1 

m(h e ) = ( 1 £ l j=1 a j b j A 2 j+1 )/(A i+1 A e+1 ), i<£ 



(2) The local intersection multiplicities are I{Cz,Cj-,0) = Yli={ o.ibiAf +1 /(Ae +1 Aj +1 ),£ < j < k. 

The equality (4.5.2) follows from (4.5.1). The other assertions are etablished in the inductive 
argument. 

Definition (4.5.3). The toric tower of Theorem (4.5) is a Tschirnhausen resolution tower of toric 
modifications of C, the coordinates {ui,Vi) of Wi are Tschirnhausen coordinates centered at Sj, and the 
curve Ci is the A i+ \-th Tschirnhausen approximate curve of C. 

The combinatorial choice of the admissible subdivisions S*'s determins completely the 
Tschirnhausen resolution tower of toric modification. In Theorem (4.7), we will show that the length of 
the tower k and the sequence of the weight vectors {Pi, . . . ,Pk} are independent of the choice of a certain 
resolution tower of toric modifications. 

B. Intersections of other Tschirnhausen approximate polynomials. Let, as before, H a (x,y) be 
the n/a-th Tschirnhausen approximate polynomials and D a = {H a (x,y) = 0}. 

Theorem (4.6). If a\n, a\ ■ ■ ■ a s \a, a\ ■ ■ ■ a s _|_i /a and a / ai ■•• a s , then D a and C have the same toric 
tangential direction of depth s and I(D a ,Ci]0) = Yl°j=\ a j°j^j+i/(^-i+i n / a ) where a = min(s,i). 

Proof. Recall that ^*f(u s ,v s ) = u? s(f) {vs B+1 + £, s+ iu s s+1 ) A °+ 2 + (higher terms). We consider the face 
function of the pull-back ^* s II a and put H' a (u s ,v s ) := (^f* s II a )p s+1 (u s , v s )/u™ s<yHa \ We have seen in the 
inductive construction of the Tschirnhausen tower that D a has the same toric tangential direction at least 
of depth s with C. We have shown in Assertion (4.4.18) that H' a (u s ,v s ) is the n/a-th Tschirnhausen 
approximate polynomial of (vs B+1 + £, s +iu b s B+1 ) As+2 . Now the main step of the proof is the following. 
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Lemma (4.6.1). The constant term of the polynomial H' a (u s ,v s ) € C{u s }[t> s ] is zero and v^ s+1 + 
£ s+ iUs s+1 does not divide H' a (u s ,v s ) . 

Proof. Put j3j = a/a\ - • • a,j. The point is that f3 s +i '■= A s+2 /(n/a) is not an integer. As H' a (u s ,v s ) 
is the ra/a-th Tschirnhausen approximate polynomial of (vs s+1 +( s+ iu s s+1 ) is + 2 , we have H' a (u s ,v s ) = 
v^Trunc^+^{l + i s+1 u s e+1 v7 ae+1 ) l3 °+ 1 = E^J 11 { P 'f 1 )(£a+iu a ' +1 v7 a ' +1 ) i by Lemma (2.3). Thus 

H' a (u s ,v s ) does not have a constant term as a polynomial of v s . If Vg s+1 + £ s +iu s s+1 divides H' a (u s ,v s ), 
we will get a contradiction. In fact, the polynomial 

(4-6.4) K(u s ,v s ) = +S a+1 u b a '+ 1 )HZ(u a ,v a ) 

is the n/a-th Tschirnhausen approximate polynomial of (vs B+1 + ^ s +iu s s+1 ) As+2 ~ n ^ a ■ By the generalized 
binomial formula again, we have H"(u s , v s ) = v a s as+1 Y^f=o^ 1 (^ s+ j~ 1 ) (^s+i ub s s+1 Vs as+i y . Comparing 
the coefficients of v ^-^ s + 1 ^ as + 1 i n (4.6.4), we get: (^j) = which is a contradiction as 

Ps+i / [Ps+i]- Q-E.D. 

Now by the Lemma the curve D a has the same toric tangential direction of depth s but not of 
depth s + 1 with C. In particular, D { a s+1) n C (s+1 ^ = 0. The main problem in proving the assertion 
about the intersection multiplicity is that D a may be neither irreducible nor reduced. See Example 
(4.9). Let D a> i,--- ,D a> £ be the irreducible components. Let k a (u s ,v s ) and k a> j(u s ,v s ), j = 1,...,£ 
be the defining functions of the strict transforms and D^- for j = 1,...,£. Then we can write 

k a (u s ,v s ) = +Ef=i7tK>f s ~*> 7tK) S C{u s } and 

' (vs s+1 * 3 + Zaju/^)^^ + (higher terms), b s+hj + 

. V^^^Uj, b s + l,j = 0, «s + l,J = 1 

where gcd(a s+ i.j, b s+ i t j) = 1 and Uj is a unit. They satisfy: 



(4.6.5) k aJ (u s ,v s ) 



(4.6.6) p„ = ^ a s +i,jA s+2 ,j 

3 = 1 

Recall that the weight vector of the unique face of T(k a j; (u s ,v s )) corresponds to the weight vector of 
a face of T(k a ; (u s ,v s )). By Assertion (4.4.18), the Newton boundary F(k a ; (u s ,v s )) starts with the face 
(possibly a vertex) of the weight vector P s+ \ and any other face has a milder slope. Therefore we have 
b s+ ij /a s+ ij > b s+ i/a s+ i if 6 s +i,j ^ 0. Now we apply Lemma (3.4.2) to compute the intersection 
numbers. For i < s, we have I(D a ,Ci) = Y^j=i a jbjA 2 +1 /(A i+ in/a), i < s and for i > s, with 
P s+ i,t ■■= *(a s+ i ;t ,6 s +i,t) we have 

s i 

I(D a ,d) = S ^a j b j A 2 j+l /(A i+1 n/a) + ^2l(P s+1 ,P ttS+1 )A s+2 , t A s+2 / A i+1 
j=i t=i 

s I 

= a j b j A 2 j+1 /(A i+1 n/a) + ^ b s+1 p s , t A s+2yt A s+2 / A i+1 by (4.6.6) 
j=i t=i 

= y^ j a j b j A 2 j+1 /(A i+1 n/a), i>s by (4.6.5). Q.E.D. 
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C. Relations with other toric towers. Consider two toric resolution towers: 



r = {x k ^x k . x - • • • ^ x^x = c 2 }, q = {y s ^y s _! - ■ ■ ■ ^ y^y = c 2 } 

where T is a Tschirnhausen tower of resolution with the weight vectors P, = t {ai,bi), i = l,...,k and 
n = a\ ■ ■ ■ a*;, a, > 2, i = 1, . . . , /c as in Theorem (4.5). Let j4j = aiai+i • • • o s and let hi(x, y) be the Ai + \- 
th Tschirnhausen approximate polynomial of f(x, y) and let Cj be the corresponding Tschirnhausen curve 
for z = 1, . . . , k as before. Let Qi = t (ai,(3i), i = 1, ...,s be the corresponding weight vectors of Q 
with n = «i • ■ ■ a s . We assume that ctj > 2, z = 1, . . . , s and Q\ = P\. We call such a toric tower 
Q a Tschirnhausen- good resolution tower. A Tschirnhausen resolution tower is a Tschirnhausen-good 
resolution tower by Theorem (4.5). Now Theorem (4.5) can be generalized as follows. 

Theorem (4.7). Let f(x,y) as in Theorem (4-5). LetT and Q be as above. Assume that qi + \ : Y i+ \ — > 
Yi is a toric modification centered at Qi £ E[ := E(Qi) with the modification local coordinate system 
(wi,Zi), so that {wi = 0} defines the divisor E[. Put Vl/j = q\ o ■ • • o qi : Yi — > Y . Then we have the 
following properties. 

(1) (Uniqueness of the weight vectors) s = k and Qi = Pi for i = 1, . . . , k. 

(2) For each i = 1, . . . , s, : Yi — ► Yq gives a good resolution of Ci and the pull backs of the polynomials 
are written (up to a multiplication of a non-zero constant) as 



(4.7.1) V*ht(wi,Zi) 



w . m ' % {h t )^ z .a l+1 + Q. +lW .b l+1 ^A t+2 /A l+1 + (fright terms), i < £ 
Wi^^z't, i = £ 



where z\ is either ZiUi with a unit Ui or (^((zi+rjiW^) + (higher terms)) with a, m £ C* for some integer 
ji, 7, > bi + i/a i+ i. In particular, putting £ = s, we have 



(4.7.2) **f(wi,Zi) 



(zi ai+1 + 6 i+1 Wi bi+1 ) Ai + 2 + (higher terms), i < s 
w<( f h' i = s 



where the multiplicities m'i(h' e ) and m'^f) of the pull backs ^*h^ and VPj*/ on E[ satisfy the same 
inductive equalities: 

^ 471 ^ f rn'i(h s ) =m' i (f)/A s+1 , i<s 

I m 'i(f) = aihA 2 m'tif) = ajm-.^/) + cijMi+i 

Thus we have also the uniqueness of the multiplities: m^(/i s ) = mi(h s ) and m'^f) = mi(f). 

Proof. We consider the tower Q. Let 5i = min(ai,/3i) and /?i = max(ai,/?i) and let ri\ = 5i, mi = f}\ 
and ni = cti, mi = Pi + fli—\OL{ + • • • + ■ ■ • CKj + PiOt2 • • • on for i > 2. Then we have shown in 
Corollary (6.8) of [27] that the Puiseux pairs of C is given by {(nj,mj); i = l,...,s}, {(5\ > 1) or 
{(rii,mi); i = 2, . . . ,s}, = 1). The same assertion is true for the Tschirnhausen tower T. By the 
assumption Q\ = P\ and by the uniqueness of the Puiseux pairs, we conclude that s = k and Qi = Pi- 
The assertion (4.7.1) for £ > i follows easily by the induction on i. In fact, we know that Cg is irreducible 
and I(Ce,C;0) = Yllt=\ a sb s A 2 s+1 /Anj r i. So by Lemma (3.4.2), Cg can not be separated from C on 
Yi, i < £. Thus we have the expression (4.7.1). As ^*_ 1 h i (wi, Zi) is non-degenerate, we can write 



$>i*hi(wi,Zi) 



Ci((zi + Vi w T) + (higher terms)), q, rji G C* or 

ZiUi, Ui : a unit 
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Assume the first case. The formula for the intersection multiplicity in Theorem (4.5) says that /(Cf^CM^) =| 
b i+ iA i+ 2- This is the case if and only if 7, > b i+ i/ai + i. As frj+i/dj+i is not an integer, we have 
7i > 6 i+ i/a i+ i. Q.E.D. 

Remark (4.8). Theorem (4.7) can be proved without using the uniqueness of the Puiseux pairs by 
comparision stage by stage of the formulae for the intersections for the two towers. 

Example (4.9). Put f(x,y) = (y 4 + x 3 ) 6 + x 17 y 3 . The first toric modification pi : X\ — > X can be 
defined by the subdivision 



— {Po,o, ■ ■ ■ , Po,5} 



0) '(l) '(2) '(3) '(l) '(l 



with weight vector Pi = Po,3- Let <t 3 = Cone(Po,3) -^0,4)- On the chart C 2 , we take u\ = x a3 and 
u i = Ucr 3 + 1- Then C^ 1 - 1 is defined by {(ui,vi) G Wi;i>i + itf + (higher terms) = 0}. Thus we need one 
more toric modification p 2 : X 2 — > Xi and we choose the modification with respect to 



s i - {-Pi.o; , • • ■ ,Pij} - { 



0) ' ( l) ' (2) ' (3) ' (4) ' (5 



!)•(?)> 



with weight vector P2 = Pi, 5. The weight vectors of the tower are Pi = '(4,3) and P2 = '(6,5). By 
computation, we have n = 24 and the various Tschirnhausen approximate polynomials are: H 2 (x, y) = y 2 , 
H 3 (x,y) = y 3 , H A (x,y) = /ii(x,y) = y i + x 3 , H 6 (x,y) = y 6 + 3/2x 3 y 2 , H 8 (x,y) = (y 4 + x 3 ) 2 and 
Hi 2 (x,y) = (y 4 + x 3 ) 3 . The intersection multiplicities are given by I(D a ,C;0) = 36, 54, 77, 108, 154, 
231 respectively for a = 2, 3, 4, 6, 8, 12. This example shows that D a which is different from Cj, 1 < % < k 
is not necessarily irreducible or reduced. The zeta-function and the Milnor number are given by Theorem 
(5.1) in §5: ((*) = (1 - t 72 )(l - t 462 )/(l - t 24 )(l - t 18 )(l - t 77 ) and fi(f) = 416. 

§5. The zeta-function of the monodromy. Let f(x,y) be a monic polynomial in y of degree n and 
irreducible at the origin. Let T = {Xk-^+Xk-i —>•■■—> Xi—^Xo} be a Tschirnhausen-good toric 
resolution tower with the weight vectors {Pi = '(eij, 6j); i = 1, . . . , k}. We will describe the invariants of 
the monodromy [1] , [19] of / at the origin using the data of the Tschirnhausen-good resolution tower. 

Let S* be the regular simplicial cone subdivision which is used to construct the modification p i+1 : 
X i+1 -> Xi and let {P ii0 ,P,i, • • • , Pi, n , Pi, ri +i} be the vertices of £* so that P i>0 = '(1,0) and Pi, ri +i = 
'(0,1). Let Pi j = t (aij,bij). We assume that Pj+i = Pi, ni f° r * = 0, ...,fe — 1. Note that, as 
det(Pi,o,P,i) = det(Pi, ri ,Pi jT . j+ i) = 1, P,i and P i)T .. have the forms P^i = '(a^i, 1) and P i>ri = '(l,6 ijr .) 
respectively. This implies that rii < j-j. The configuration of the exceptional divisors {E(Pij);j = 
1, . . . ,ri} is a line configuration and E(P it0 ) is nothing but P(Pj_i jni J. Thus the exceptional divisors 
of the resolution &k : Xf. — > A is the union of the strict transforms {P(Pjj); 0<i<fc — 1,1 <J< r{\. 
Let m^j be the multiplicity of the pull-back along E(Pij) and let <5jj be the number of irreducible 

components of the divisor (3>£/) which intersect with E(Pij). By Theorem 3 of [1], the zeta-function 
£(i; O) of the monodromy of f(x, y) is determined by those E(Pij) with Sij 7^ 2. As we have seen in §3, 



m 



1,3 



d{Pi^*f) and 



3 = rii 
otherwise 
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r 3 



3 = n i 

1 j = 1 or ri , i 

2 otherwise 



If no = 1, we subdivide Cone(Po,o> Po,i) so that we can assume that n > 1. Note that 5k-\, nk _ 1 = 3 
as E(Pf.-i i n k _ 1 ) = E(Pk) and it intersects with . Recall that the multiplicity m^^ is given by 
fni,ni = d(Pi+i; <£* /) = mj+i(/) = ai+imj(/) + 0^+1^+1^+2 in the same notation as in §4. Thus we 
need determine mo,i,mj )ri for i = 1, . . . , k. To determine m^., we consider the expression by (4.7.2): 
<&*f(ui, Vi) = u™ i( - f \vt i+1 +£, i+1 u b i i+1 ) Ai+2 + (higher terms) for i < k. As S* is assumed to be admissible 
for $>|/, we know that (rrii(f) + b i+1 A i+2 , 0) G A(Pj ;T ..; <&*/). This observation and the expression 
P,n t = *(l,6i,„J implies that m i>r . = m^/) + b i+1 A i+2 = m i+1 (f)/a i+1 . Finally as (0,n) € A(P +;/), 
we have that mo,i = -Ai by a similar argument as above. Thus applying Theorem 2 of [1], we obtain the 
first part of 

Theorem (5.1). The zeta-function and Milnor number of f(x,y) are: 

1 k (1 _ f m i(f)) fc 

°) = 713^47) II (1 _^(/)/i r M(/; O) = 1 " A X + J> - l) bi A l+1 

i=i ^ ' 



i=l 



Proof. By the equality —1 + /x(/; O) = deg£(i; O), we have 



-1 + M/; O) = = -^1 + J] - 1) 

i=l ^ *' 

= -Ai + ^M?+i £ fl - -) / A i+1 

e=i i= e v 

= -Ai+ J^(A/-l)6<A /+ i. Q.E.D. 



§6. Conditions implying equi-singularity. Let f t (x,y) = f(x,y,t) G C{x,i}[y] be an analytic family 
of monic polynomial in C{x}[y] of degree n in y defined for t in an open connected neighborhood U of 
the origin in C. Let C(t) := {ft(x,y) = 0}, t G U, be the corresponding family of germs of curves at 
the origin. We assume that C(0) is irreducible and reduced at the origin and that f t (x,y) has an initial 
expansion 

ft(x,y) = (y ai + Cix bl ) A2 + (higher terms) 

Pk Pi 

with £i/0 independent of t and a x > 2. Let X k — >X k _i —>•■■—> Xl — >X = C 2 be the Tschirnhausen 
approximate resolution tower of (C(0),O) with the weight vectors {Pi = t (ai,b i );i = l,...,k}. We 
assume further that the Aj+i-th Tschirnhausen approximate polynomials hi(x,y,t) of ft(x,y) for i = 
1, . . . , k — 1 are independent of the parameter t. Note that this is the case if the coefficients of y J do not 
depend on t for any j > n — a\ ■ ■ ■ a^-i- Consider the germs of curves Cj := {hi(x,y) := hi(x,y,t) = 
0}, i = 1, . . . , k — 1. Finally we assume that the local intersection multiplicities satisfy the inequalities: 

(6.1) o fc /(C fc _i, C(t); O) < /(C(0), C(s); O) < +00, for any i, s, with s^O. 
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Theorem (6.2). Under the above assumptions for the family f t (x,y) , the germes C(t),t € U, are 
irreducible at the origin and have the same toric tangential directions of depth k', k! > k— 1 . The family of 
germs of plane curves {(C(t), 0);t £ U} is an equi- singular family and : X k — > X gives a simultaneous 
resolution for the family {C(t);t € U} where Q k = p\ o ■ ■ ■ o p k . In particular, the Milnor number 
n(f t ;0) is constant and coincides with /x(/o;0). Moreover, if equality holds in akI(Ck-i,C(t);0) < 
I(C(0),C(s);O) for any t,s, with s ^ 0, the germes C(t),t G U do not have the same toric tangential 
direction of depth k. 



Proof. We fix r ^ 0, r G U. We first assume that C(r) is irreducible. The irreducibility will be proved 
later. Assume that C(r) has the same toric tangential direction with C(0) of depth 9, 9 < k. Then we 
can write C^\t) as 



(6.2.1) 



C^(r) = {( Uj ,Vj) G Wj-J^iu^Vj) = 0} 
f^ j \uj,Vj) = {v^ j+1 + Cj+i ub j j+1 ) A ' i+2 + (higher terms) 



where A' i+l := a' i+1 ■ ■ ■ a'Q +1 A' e+2 for i < 9. Let Pg +i '■= t (a' 9+1 , b' s+1 ). Pg + i is a primitive weight vector 
and if P' e+l = P$+i, we must have C'e+i ^ £,g + \ by the assumption. Comparing (6.1.1) and (6.2.1) and 
by the assumption, we have = &> a i = a ii b\ = bi and A' i+1 = A i+1 . Assume first that 9 < k — 1. By 
Lemma (3.4.2) and (6.2.2), the local intersection multiplicity is given by 



/(C(r), C(0); O) = £ a^f+i + I(P e+1 , P^ +1 )A e+2 A f e+2 
i=i 

e e+i 
(6.2.3) < hAi^A'i + b e+1 A e+2 A' d+1 = ^ b iai A 2 i+1 



i=l i=l 



where the equality holds if and only if a' e+1 be+i < ae+ib' e+1 or b' 8+1 = 0. On the other hand, by 
Theorem (4.5) we have the equality: a k I{C k -i, C(0); O) = Yli=i a i b iA 2 +1 . Th -us (6.2.2) and (6.2.3) 
and the assumption (6.1.4) implies that we must have 9 = k — 1 and o! k b k < &kb k or b' k = and 
I{C(t),C(0);O) = Y!l=i a ibiA 2 l+1 . We assert furthermore 

(6.2.4) b' k ^0, a' k b k = a k b' k . 

In fact, assume first that b' k = 0. Then C(r) = akCk-i and C(r) is not reduced. This is a contradiction 
to the assumption dime C{x,y}/(/ r , /ifc-i) < oo. Assume that b' k ^ and a' k b k < akb' k . Then we get a 
contradiction: 

fe-i fc-i 

fc+1 



a k I(C(r),Ck-i;0) = £ aAA 2 +1 + a k I (C^ , C^-^r); O) = £ «iMi+i + a**44 

i=l i=l 
fe-1 fc 

> ^hAj +1 + a' k b k A' k+1 = aAAj +1 = I(C(r),C(0); O) 



i=l i=l 

Thus we have proved (6.2.4). As gcd(afc,6fc) = gcd(a' fc ,6' fc ) = 1, (6.2.4) implies P k = P k and A' k+1 = 1. 
This also shows that C^ k \r) is smooth. Thus under the assumption that C(r) is irreducible at the origin, 
we have proved that C(r) is reduced and 9 > k — 1, P k = P k . This implies that //(/ r ; 0) = //(/o; O) by 
applying Theorem (4.5) to C(r). Note that & k '■ X k — > A gives a simultaneous resolution of the family 
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{C(t);t <G U}. If 9 = k, the assertion is obvious and C^fY) intersects with C^ k \0) at Sfc and therefore 
I(C(0),C(t);O) > Yli=i a i^i-^-i+i- This implies that the strict inequality in (6.1.3) must hold. 

Irreducibility of C(r). Now we prove that C(r) is irreducible for any r. Fix a r and assume that 
C(t) has s irreducible components at the origin and s > 2. Let C(t; 1 ),..., C(r; s) be the irreducible 
components and let C^(t; 1), . . . , C^)(r; s) be their strict transforms on Xj. We assume that C{r;i) 
has the same toric tangential direction of depth 0j with C(0). Then we can write 

| C«)(r;i) = {K-,^) € Wj\ frJ(uj,Vj) = 0} 

I fr,k^, Vj ) = (v^ +1 + Hi, j+ iu^ +1 ) Ai ' j+2 + (higher terms), j < 9, 

where A it j = aij • • ■ aj^+i Aj^+2 for j < 9i. By the assumption, we have a^j = aj, bij = bj, = £j 
for j < Put 6*o = min(6>i, . . . , 9 S ). Then C(r) has the same toric tangential direction of depth with 
C(0) and we can write C^\t) as: 



(6.2.5) 



C«> (r) = { , Vj ) € Wj ■ ( Uj , Vj ) = 0} 
fT(uj,Vj) = (v" j+1 + €' j+1 u/ +1 ) A i+* + (higher terms), j < 9 



o 



where A' i+1 := a' i+1 ■ ■ ■ a' g+l A' g+2 and by the assumption, we have a\ = a^, b\ = 6j, ^ = £j, A' i+1 = A i+ i 
for i < 6q. Comparing the defining equations of CW(r; !),•••, CW(t; s) and C^(r), we must have 



f^(x,y)=i[f^}(x,y), A 14 + -.. + A Sii =A i , i< 

i=l 



As A^i = aj ; i • • • aifiiAi^ i+ i and s > 2, this implies that 

(6.2.6) Ot < k - 1 and A^+i < 

We use the following notations for simplicity. Aj^ := A^, for i < 9j + 1 and := for i > ^ + 1. 
Then by (6.2.5) and (6.2.6) we get 

S S 

(6.2.7) = Ai, i<9 + l and ^ A hl < A u i > 9 + 1 

i=i j=i 

By Lemma (3.4.2), we have with Pj^ j+ i := (cij^.+i, b^g.+i) that 

J(C(r; j), C(0); O) = £ o^+i A,-, i+1 + I(P e 
i=i 

Oj k 
< '^2a i b i Ai +1 Aj ji+ i + be j+ iAg j+2 Ajfi :j+ i = ^ b,A, . t .1,,, 

i=l i=l 

Adding these inequalities for j = 1, . . . , s and using (6.2.6), we get 

k s k 

I(C(t),C(0);O) < J^MU+iE^ <Y l b i A i+1 A i , 
i=i j=i i=i 
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where the right side is equal to a k I(C k -i,C(0);O) by Theorem (4.5). Combining wit the assumption 
(6.1), we get I(C(t), C(0); O) = Yli=i biA i+1 Ai. This is equivalent to the following two equalities: 

k 

(6.2.8) I(C(r;j),C(0);O) = Y,b i A l+1 A Jyl , j = l,...,s 

i=l 

s 

(6.2.9) ^2A jii = A i , i = l,...,k 

i=i 

By (6.2.7) and (6.2.6), (6.2.9) is equivalent to O = k - 1. Therefore (6.2.8) and (6.2.9) holds if only if 
0j = k — 1 for « = 1, . . . , s and a k bj <k > CLj,kbk- Assume that a k bj 0tk > Q*j ,kbk for some jo. Then we have: 

k— 1 s fc— 1 s 

afcJ(C fc _i,C(r);0) = ^ biA i+1 Ai + a fc ^ 6 i>fc ^ i)fc+ i > ^ biA i+1 Ai + ^ a jtk b k A^ k+1 

i=l j = l i = l j = l 

k 

= J2b i A i+1 A i = I(C(0),C(r);O) 

i=l 

Thus we get a contradiction a k I(C k -i, C(r); O) > I(C(0),C(r);O). Therefore we must have a k bj yk = 
dj,kbk, j = l,...,s. As gcd(afc, bh), gcd(cij t k,bj,k) = 1, this is possible if and only if aj, k = a k and 
bj,k = Ofc- Again this gives a contradiction: A k = + • • • + A Sjk = sA k . This proves the irreducibility 
of C(r) and the proof of Theorem (6.2) is now completed. Q.E.D. 

§7. An example of an equi-singular family. We study a typical equi-singular family f t (x,y) := 
f(x,y) + tx m , where f(x,y) is a polynomial, whose Newton diagram A(/; (x,y)) is a triangle with the 
vertices A = (0,n),B = (biA 2 ,0),C = (m, 0) with m > biA 2l having the initial expansion f(x,y) = 
(y ai + i\x bl ) A2 + (higher terms), ai > 2, and defining an irreducible germ of a plane curve C = 
{f(x,y) = 0} at the origin. Then the a-th Tschirnhausen approximate polynomial of f t (x,y) does 
not depend on t for any a\n with 1 < a, so we can apply the previous consideration to the family of 
germes C(t) := {(x,y) £ C 2 ; f t (x,y) = 0}. A similar family is studied by Ephreim [6] using polar 
invariants. Let {Pi = 1 (ai, bi); i = 1, . . . , k} be the weight vectors of the Tschirnhausen resolution tower. 
Let hi be the A i+1 -th Tschirnhausen approximate polynomials of f t (x,y) for i = 1, . . . , k — 1 and let 
Q = {(x,y) G C 2 ;hi{x,y)}. 

Proposition (7.1). With the above assumptions and notations, we have I(C(t),C(s); O) = nm for t / s 
and akI(Ck-i,C(t); O) < nm for any t G C. 

Proof. For the proof of the equality, note: I(C(t),C(s);0) = dime C{x, y}/(f s , ft) an d therefore = 
dim c C{x, y}/(ft, (t—s)x m ) = nm. To prove the inequality, we first observe the Newton diagram A(/i fc _ 1 ) 
is a subset of the triangle A' whose vertices are A' = (0,n/ak),B' = (b 1 A 2 /ah, 0), C = (m/afc,0). In the 
case of m = n, the assertion follows from the Bezout theorem in P 2 : akI(Ck-i,C(t); O) < akCk-i-C(t) = 
n 2 = nm, where C is the projective compactification of C C C 2 and the right side is the intersection 
number in P 2 . In the case m ^ n, we need another argument. Choose a small ball B centered at the 
origin B containing no other intersection than the origin O. Let f' s (x, y) = f s (x, y) +e\ and h' k _ l (x, y) = 
h k . 1 (x,y)+e 2 and let C(s)' = {(x,y) E C 2 ;f' s (x,y) = 0} and C' k _ x = {(x,y) G C 2 ; h'^x, y) = 0}. 
For sufficiently small E\,£ 2 the intersection C(s)' H C k _ 1 is a subset of the torus C* 2 and the number 
of the points counted with multiplicity of C(s)' PI C' k _ x in B is equal to I(C k -i,C(t);0). The Newton 
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diagram A := A(f' s ; (x,y)) is the triangle with vertices 0,A and C. The number of intersection points 
C(s)' ■ C' k _ 1 in C* 2 is bounded by the theorem of Bernshtein ([5], [28]): 

C(s)' ■ C' k _ x = 2V 2 (A(f' s ),A(ti k _ 1 )) < 2V 2 ((A,A/a k ) = 2Vol(A)/a fc = nm/a k 

Here V2(Ai,A2) is the Minkowski's mixed volume and we have used the monotone increasing property 
of the Minkowski's mixed volume to the inclusion A(h' k _ l ) C A/a k - See [5, 28]. As C{s)' ■ C' k _ l > 
I(Ck-i,C(s)), the inequality of the proposition follows. Q.E.D. 

§8. The equi-singularity at infinity and the Abhyankar-Moh-Suzuki theorem. 

Let F : C 2 — ► C be a polynomial mapping of degree n. We say that r G C is a regular value at infinity 
if there exits a large number R and a positive number 5 so that the restriction F : E ca (R, 5) — > Ds is a 
trivial fibration where 

D s = {rj € C; |r? - r| < 5}, E oa (R,5) = {(x,y); F(x,y) G D5, VM 2 + bl 2 > ^} 

Let C t = and let C t be the projective compactification. The set C t — C t = {p\, ... ,pe} C be 

does not depend on t. We recall that 

Proposition (8.1)([10]). r G C is a regular value at infinity if and only if the family of germs of plane 
curves {(C t , Pi); t G C} is topologically stable at t = r for any i = 1, . . . ,£. 

We consider hereafter the simplest case that Co has one place at infinity, say at p = (1; 0; 0). Namely 
we assume that 1=1 and the germ (Co,p) is irreducible. Then F(x,y) is written as 

(8.1.1) F(x,y) = (y ai + ^ix Cl ) M + (lower terms), ci < a 1} n = aiA 2 . 

for some integers a\ > 2, A 2 and 1 < c\ < cti. As Co n = {p} and Co is assumed to be locally 
irreducible at p 1: the polynomial F(x,y) has only one outside face and its outside face function has only 
one factor. See [18] or [26]. The standard affine coordinates u = Z/X, v = Y/X are centered at p and 
the curve C t is defined by {f t (u,v) = 0} where f t (u,v) = f(u,v) — tu n and f(u,v) = F(l/u,v/u) x u n . 
In this simplest case, we have the initial expansion 

(8.1.2) f(u, v) = (v ai + £ lU bl ) A2 + (higher terms) 

where bi = a\ — c\. Let C t °° = {(u, v) G C 2 ;f(u, v,t) := f(u,v,t) = f(u,v) - tu n = 0}. We can apply 
Theorem (6.2) using Proposition (7.3) to this family and we obtain: 

Theorem (8.2). For the mapping F and the family {(C t °°,0);t G C} holds the following : 

(1) The family of germs of plane curves {(C t °°,0);t G C} is an equi- singular family of irreducible curves 
and the Tschirnhausen approximate resolution tower of (C^°,0) resolves simultaneously each curve of 
the family {(C t °°,0);i G C}. 

(2) The mapping F : C 2 — > C has no critical point at infinity. 

Ephraim has also obtained a similar result about the equi-singularity using a different method ( [6] ) . 
See also Moh [20]. 
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Before giving applications, we will need the following facts. Let D C P 2 be a projective curve of 
degree n and let qi, ... ,q v be the singular points of D. Then by Pliicker's formula and by Mayer- Vietoris 
argument, the topological Euler number of D — {qi, . . . , q u } is given by 

X (D-{ gi ,..., q„}) = 2 - v - (n - l)(n - 2) + ^ 

i=l 

From this equality follow two equivalences. First, fi(D;q±) = (n — l)(n — 2) if and only if the curve 
D — {qi} is smooth and homeomorphic to the line C. Second, n(D; q{) = (n — l)(n — 2) — 2g and v = 1 
if and only if the curve D — {gi} is smooth and homeomorphic to a punctured Riemann surface of genus 
g. As a first application, we will give an elementary proof of: 

Theorem (8.3) (Abhyankar-Moh [4], Suzuki [29]). Let F(x,y) be a polynomial of two variables of 
degree n and assume that the plane curve C = {(x, y) £ C 2 ; F(x,y) = 0} is smooth and homeomorphic 
to the complex line C. Then there exists another polynomial G(x,y) so that (F,G) is an automorphism 
ofC\ 

Proof. The polynomial F(x, y) has one place at infinity, say at p = (1; 0; 0). To prove the theorem by the 
induction on n = degree F(x, y), it is enough to show that c\ = 1 in (8.1.1). In fact, if c\ = 1, we apply 
the coordinate change (X,Y) = (y ai + £ix,y) and achieve degF((X — y ai )/^i,y) < n. Therefore the 
assertion is proved by the induction on deg F. 

Let Cg° and Co be as above. We have fi(Cg°;0) = (n — l)(n — 2) since the smooth part of the curve 
Co is homeomorphic to the line C. Let us consider the Tschirnhausen approximate resolution tower of 

(C °°, O): T = {Xk^Xk^ -» ► X 1 ^X = C 2 } and let P t = *(oi, h), i = 1, . . . , k be the weight 

vectors of the tower. Then by Theorem (5.1) and n = Ai, we have 

k 

(A, - l)(Ai - 2) = fi(CZ°,0) = 1 - A, + - 1)6^+!, 

which leads to 

k 

(a) ^(A, - l)hA l+1 = (A, - l) 2 . 

i=l 

From Theorem (4.5) and Bezout theorem, we deduce 

k 

(b) a ^ A U < A i 

i=i 

since akI(Ck-i, C(0); £o) = S^=i a ihA^ +1 < akCk-i ■ C(0) = A 2 . Now we are ready to show c\ = 1. We 
follow the proof of Abhyankar-Moh, Lemma (3.1), [4]. Recall that c\ = a\ — b\. For the case k = 1, the 
equality (a) reads (ai — l)6i = (ai — l) 2 . Thus we get c\ = a\ — b\ = 1. For the case k > 2, we rewrite 
(a) and (b) as 

k 

(c) J2(Ai - \)hA i+1 = ( ai A 2 - l)( Cl A 2 - 1) 

i=2 

k 

(d) ^2aibiA 2 i+l < c x a x A\ 

i=2 
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Thus taking the sum : (c)xA 2 + (d)x(l — A 2 ), we obtain 

k 

Y J b l A l+1 (A l - A 2 ) > A 2 2 {( ai - l)(ci - 1) - 1) + A 2 . 



i=2 



The left side is obviously negative. The right hand is negative only if c\ = 1, which completes the 
proof. Q.E.D. 

Theorem (8.4). The weight vectors of a good toric resolution of the singularity at infinity of a smooth 
acyclic curve in C 2 satisfy hi = aj_iOj — 1 for each i = 1, . . . , k where ao = 1. 

Proof. Substituting c\ = 1 in (c) and (d), we get 

k 

(e) Y,{Ai - l)hA l+1 = (a 2 A 3 - l)(c 2 A 3 - 1) 

i=3 

k 

(f) ^aihiA 2 i+1 < c 2 a 2 Al 

i=3 

where q = aj_ia, — b 2 for i = 2, . . . , k. Thus again taking the sum : (e)xA 3 + (f)x(l — A3), we obtain 

k 

J2biA i+1 (Ai - A 3 ) > A 3 {((a 2 - l)(c 2 - 1) - 1)A 3 + 1} 

i=3 

The left side is obviously negative. The right hand is negative only if c 2 = 1. The assertion for i > 2 can 
be proved by an easy induction. Q.E.D. 

The following example shows that all weight vectors having the property of Theorem (8.4) occur. 

Example (8.5). Let a, > 2, i = 1, . . . , k be given integers, and let n = a± ■ ■ ■ a&. Let us consider the 
sequence of automorphisms: 

W : ( f l I ^ ( ) ' x »+2 = x i + x i+i , i = 0,...,k — l 



X i + 1 J \ x i+2 

where xq = x and X\ = y. Let F(x,y) = Xk+i(x,y). Then F(x,y) obviously satisfies the assumption of 
Theorem (8.3). Let 



(tti 



'h =v 

hi{u,v) =v ai +u ai ~ 1 

h 2 (u,v) = h 1 (u,v) a2 + h {u,v)u aia2 ~ x 

k hi(u,v) =h a i t _ 1 + h i _ 2 {u,v)u ai -^-^- ia ^- 1 \ 2<i<k 



and let f(u, v) = hk{u, v). Then (Cq°,0) is defined by Cq° = {(u, v) G C 2 ; f(u, v) = 0}. It is easy to see 
that hi is the ^4j+i-th Tschirnhausen approximate polynomial of /. By an inductive argument we can 
prove that the weight vectors of the Tschirnhausen approximate resolution tower is given by 

P = ( ai \ P = ( a i \ p = ( ak 

1 V«i - ! / ' V a i a 2-iy'"'' k Va fc _io fc -iy 
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and the pull-backs of the Tschirnhausen approximate polynomials to X, are given by 



(tti+i) 



<s>*h i+1 ( Ui , Vi ) = u^ hi+i \v? +i +6+i«r t+i " 1 ) 



where hj(ui,Vi) := Q*hj(ui,Vi)/u™' t( ' h: '' > and is a unit in a neighbourhood Wj of £j. The Milnor 
number is equal to (n — l)(n — 2) by Theorem (5.1). It is convenient to introduce the notation ag = 1 
and m (hi) = to understand (fti) as a special cases of ((Ji+i). 

Remark (8.6). Let F(x,y) be a polynomial of degree n and coefficients in a subfield k of C, such that 
the curve C = {F(x, y) = 0} C C 2 is smooth and contractible. Then the completion of C requires one 
extra point p at infinity having its coordinates in k. So, after a linear change of coordinates defined over 
k, the pencil L t = {y = t} t€ c passes through p. Let (B(t),t) be the barycenter, computed in the affine 
line L t , of the points of the intersection L t nC, weighted by the multiplicity. The automorphism (x, y) — > 
(x—B(y), y), which is defined over k, moves the curve C to a curve C of lower degree and having at infinity 
one Puiseux pair less. In the notation of Theorem (8.3), we can write B{y) = —y ai /i\ + (lower terms). 
The iteration of this procedure constructs an automorphism defined over k, which moves the curve C to 
a line. Of course, we can apply this procedure to any curve D = {G(x, y) = 0}, as long as the completion 
of the curve D has only one irreducible singularity at infinity and c\ = 1. After at most log 2 (degree(G)) 
automorphism applied to the curve D, either the curve D becomes a line and the equation linear, in 
which case the curve D was smooth and contractible, or the curve D becomes a curve for which c\ > 2. 
This provides a test for the contractibility and smoothness of the curve D. 

We can apply the above remark and argument to get: 

Theorem (8.7). Let C C C 2 be a smooth curve homeomorphic to a surface with one puncture of genus 
g, g = 1 or 2. Then there exist an automorphism of C 2 moving the curve C to a smooth cubic curve 
which is tangent to the line at infinity with the intersection multiplicity 3 if g = 1, and to a curve of 
degree 5 with a non- degenerate singularity at infinity, if g = 2. 

Proof. Let T = {Xk-^-^Xk-\ —>•••—> Xi^-^Xq = C 2 } be a Tschirnhausen tower of resolution of 
the singularity at infinity with the corresponding weight vectors {Pi = t (ai,bi);i = 1, . . . , k} as before. 
Applying barycentric automorphisms if necessary, we can assume that c\ > 2 (see Remark (8.6)). The 
equalities (a) and (c) take the following form. 



(a g ) J2( A * ~ ^Mi+i = (A! - l) 2 - 2g 

i=i 

k 

(c g ) J2( Ai ~ X ) h i A i+i = ( a i^2 - l)(ciA 2 - 1) - 2g 



i=2 



The inequality (b) and (d) are valid as before. Then taking the sum : (c g ) x A 2 + (d)x(l — A 2 ), we 
obtain 

k 

(e g ) > £ M*+i(^ " M) > A&( ai - l)(ci - 1) - 1) - (2g - 1)A 2 . 

i=2 
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Note also that a\ > 3 by the assumption c\ > 2. 

(1) Assume first k = 1. Then we have (a\ — l)(ci — 1) = 2g. So, for the natural number c\ := a\ — b\ we 
have ai > c\ = 1 + 2g/(a\ — 1). We conclude that ai = 3, if g = 1 and that a\ = 5, if g = 2. 

So, for g = 1, we have ai = 3, ci = 2 . As 6i = 1, the curve C has no singularity at infinity but C 
is tangent to the line at infinity with the tangent multiplicity 3. An example of such curve is given by 
C = {y 3 + x 2 + 1 = 0}. For g = 2 we have a± = 5 and Ci = 2. An example of such curve is given by 
C = {y 5 + x 2 + 1 = 0}. The curve C has a non-degenerate cusp singularity at infinity. 

(2) Now we show the case k > 2 does not occur. 
With a\ > ci > 2, we deduce from the inequalities (e 5 ): 

(*) A 2 <- T r <(2ff-1) 

((ai - l)(ci - 1) - 1) 

If <7 = 1, we get, from (*), A 2 = 1, and hence fc = 1. 

If 5 = 2, we reduce from (★): ^4 2 < 3 that A 2 = 1, 2 or 3. We first rule out the case ^4 2 = 3: indeed, from 
(★) we conclude k = 2, ai = 3, ci = 2, 6i = 1. So, a 2 = A 2 = 3, n = 9 and b 2 = 18 by (a s ). This is not 
possible since we have assumed gcd(o2,62) = 1- 

Next, we rule out the case A 2 = 2: from (★), we conclude k = 2, a\ = 3, c\ = 2, b\ = 1. So, 
a 2 = A 2 = 2, n = 6, &i = 1 and b 2 = 11 by (a g ). Thus the tower has the weight vectors Pi = *(3, 1) and 
P 2 = *(2, 11). No easy contradiction yet. However we assert that there is no polynomial f(u, v) of degree 6, 
irreducible at the origin, whose weight vectors are as above. Indeed, let f(u, v) = (v 3 + u) 2 + J2 U c v u Vl v 1 " 2 
where 6 < 3u x + u 2 , V\ + v 2 < 6. Consider an admissible toric modification p : X\ — > C 2 . We may 
assume that a = Cone(£ ; i,Pi) is the left toric cone of the divisor E{P\) and let (s,t) be the toric 
coordinates. Then we have u = st 3 and v = t. The pull backs can be written as ir* (v 3 + u) 2 = i 6 (l + s) 2 
and ■K* a u Vl v V2 = s u H 3iyi+ " 2 . So, in t~ 6 ir*f(s,t) the monomial t 11 does not occur and hence P 2 is not the 
second weight vector for f(u,v). Thus this case does not occur. So, A 2 = 1 proving k = 1. Q.E.D. 

Remark (8.9). Using (*) and inequality: 2 ( - k ~ 1 ' > < A 2 , we get the following estimate for the length of the 
tower: 

k < log 2 (2 5 - 1) + 1, for g>l, a > 2. 

The classification for g > 3 is more complicated, as the model is not unique. For example, in the case of 
g = 3, we can move C by an automorphism to one of the following. 

(a) k = 1, P\ = *(4, 1) and n = 4. The curve is smooth at infinity and tangent to the line at infinity at 
a single point. An example is given by y A + x 3 + 1 = 0. 

(b) k = 1, P\ = *(7, 5) and n = 7. The curve has a non-degenerate cusp singularity at infinity. An 
example is given by + x 2 + 1 = 0. 

(c) k = 2, P\ = *(3, 1), P 2 = *(2, 9) and n = 6. An example is given by (y 3 + x 2 ) 2 + x. 

Professor M. Miyanishi recently communicated to us that he gave a new proof of Theorem (8.3) 
using the classification of surfaces [8] . Also, the paper [32] contains interesting results about contractible 
affine curves with one isolated singularity. 
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